We give a formula for the S n -equivariant Euler characteristics of the moduli spaces M g,n of genus g curves with n marked points.
Introduction
Consider the moduli space M g,n of algebraic curves of genus g with n marked points. There is a natural action of the symmetric group S n on this space, so its homologies are representations of S n . Let V λ be the irreducible representations of S n , s λ be the corresponding Schur polynomials and
for some integers a i,λ . Define the S n -equivariant Euler characteristic of M g,n by the formula χ Sn (M g,n ) = i,λ (−1) i a i,λ s λ .
Let p n denote the nth elementary Newton polynomial in the infinite number of variables. Then χ Sn (M g,n ) can be also calculated by the formula The paper is organized as follows. In Section 2 we recall and present alternative proofs for two results of [12] . Theorem 1 deals with configuration spaces of points F (X, n) on a variety X with an action of a finite group G: the formula for the S n -equivariant Euler characteristics of F (X, n)/G is presented. Theorem 2 can be considered as a fibered version of a first one.
Theorem 1 was previously proved in [11] with the usage of results of E. Getzler ([6] , [7] ) on Adams operations on the motivic rings. The alternative proof presented below uses only the basic properties of the Euler characteristic and seems to be more geometric. The proof of the Theorem 2 is almost the same as in [12] , here it is written in a slightly more general form to clarify the logic.
From Theorem 2 we conclude that the coefficients in the generating fuction for the S n -equivariant Euler characteristics of the moduli spaces of pointed curves are nothing but the orbifold Euler characteristics of some configuration spaces. This phenomenon seems to be quite general, and helps a lot due to the nice behaviour of the orbifold Euler characteristic. The calculation of the desired Euler characteristics is done in the Section 3, it turns out to be very similar to the resuts of the [13] . The final answer is presented in the Theorem 3, where it is expressed in terms of the values of a certain combinatorial function N(n; l 1 , . . . , l s ). The compact form for these values was also found in [13] , it is presented in the Lemma 5.
The above principle can be roughly illustrated as follows. Suppose that we want to calculate the Euler characteristic of a coarse moduli space M of some objects X . This moduli space has a natural orbifold structure -a group G p assigned to a point p ∈ M is isomorphic to the group of automorphisms of a corresponding object X p . Consider the enlarged moduli space M = {(X , g)|g ∈ Aut(X )} with the following orbifold structure -a group assigned to a pair (X , g) is equal to Aut(X ). Then the orbifold Euler characteristic of the enlarged moduli space equals to the Euler characteristic of the coarse moduli space:
In the last section we calculate the coefficients explicitly for g = 2 and compare it to the result of [11] .
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Equivariant and orbifold Euler characteristics
Let X be a variety with an action of a finite group G. Let us denote by F (X, n) the configuration space of ordered n-tuples of distinct points on X.
Proof. The map π n : F (X, n) → F (X, n − 1), which forgets the last point in n-tuple, has fibers isomorphic to X without n − 1 points. Therefore χ(F (X, n)) = (χ(X) − n + 1) · χ(F (X, n − 1)), and
The action of the group G on X can be naturally extended to the action of G on F (X, n) for all n, commuting with the natural action of S n .
Proof. For a point y ∈ F (X, n) whose projection on F (X, n)/G is σ-invariant there exists an element g ∈ G such that σy = gy. Consider the set of pairs S = {(g, y)|g ∈ G, y ∈ F (X, n)|σy = gy} and its two-step projection S → F (X, n) → F (X, n)/G. The fiber of the first projection over a point y is isomorphic to G-stabiliser of y or empty, the fiber of the second projection cotaining y is exactly the orbit of y. Therefore the cardinality of every fiber of the composed map is equal to |G|.
The following theorem was deduced in [11] from the resuts of E. Getzler ([6] , [7] ), here we would like to reproduce its proof in more geometric and clear form.
Theorem 1 For any g ∈ G we denote by X k (g) a subset of X consisting of points with g-orbits of length k. For example, X 1 (g) is a set of g-fixed points. Then the following equation holds:
Proof. Since all points in X k (g) have g-orbit of length k, we have
where (g) is a cyclic subgroup in G generated by g. From the equation (1) we have
Therefore the coefficient at t n in the right hand side of (2) equals to
On the other hand,
If for a tuple y ∈ F (X, n) we have σy = gy, then the action of (g) at this tuple has k j (σ) cycles of length j. Every cycle of length j corresponds to a point in X j (g)/(g), so we can assign a point in j F (X j (g)/(g), k j ).
It rests to count the number of possible orderings on y with given σ and set of orbits. One should establish a correspondence between cycles in σ and orbits, what can be done in k j ! ways.
Following [12] , we give a "fibered version" of Theorem 1. Let f : E → B be a family of varieties
, which are equipped with the action of discrete automorphism groups G b , depending of a point b on the base B. Let us define a collection of spaces B k in the following way:
These spaces carry natural orbifold structure -a group G b corresponds to a point (b, g).
Consider also a collection of configuration spaces E n /G as fibrations over B with fibers
Theorem 2 The following equation holds:
Proof. From the Theorem 1 and the additivity of the Euler characteristic we have
Now let us collect the summands together. Let N k (b) denote the number of elements g ∈ G b such that for all i one has χ((V b ) ( g)) = ik i . We can rewrite (4) as follows:
On the other hand, consider a projection of the space B k 1 ,...,kn to the base B. Its fiber over a point B consists of exactly N k 1 ,...,kn (b) elements of G b , so by the Fubini's formula we have
where C is a genus g curve and τ is an automorphism of C such that χ(C i (τ )) = ik i for all i. Then the following equation holds:
Moduli spaces of curves
We start with the combinatoral computation from [13] .
Lemma 3 Let ζ be a primitive k th root of unity and l|k. Then
where µ denotes the Moebius function.
Proof. If (r, k) = l, then ζ r is a primitive root of unity of degree k l
. Therefore the value of the left hand side depends only of
We have for all k
so by the Moebius inversion formula we have g(k/l) = µ(k/l). 
Proof. First, remark that as values of the expression ζ r we'll receive every of ϕ(
) primitive roots of unity of degree
. The sum of these roots is, according to lemma 3, equal to µ( ,l) ). Second, we have ϕ( k l ) summands in the left hand side of (6), so every of these roots will appear
.
Lemma 5 ([13]) Let
Proof. Remark that
The last equation is true since among all roots ζ there are ϕ(d) primitive roots of degree d, and we can use the equation (6) for them.
Example 1 Let p be a prime number, then
(9) This formula can be checked explicitly using the recurrence relation
). ).
Let us return to the moduli spaces. From the Corollary 1 we conclude that we have to compute the orbifold Euler characteristics of the configuration spaces M g (k 1 , . . . , k n ) of pairs (C, τ ), where C is a smooth connected curve, τ is its automorphism and for all j χ(C j (τ )) = jk j .
Let τ be an automorphism of a genus g curve C such that χ(C j (τ )) = jk j . Note that n j=1 jk j = χ(C) = 2 − 2g.
Cosider the quotient C 1 = C/τ . It is a smooth curve of some genus h, and the Riemann-Hurwitz formula immediately gives its Euler characteristic as
On the curve C 1 we have s = n−1 j=1 k j marked points, outside of them the projection of C to C 1 is the non-ramified covering of order n. The number n is also the order of τ , so j|n, if k j = 0.
Define the numbers l 1 , . . . , l s as (1 − p 2h ) · N(n; l 1 , . . . , l s )
Proof. Let us fix a generic point x on the curve C 1 and also fix one of its preimages y 1 . The action of τ will give a natural enumeration on the set of preimages y 1 , . . . , y n . Since all of them are equivalent, this choice will multiply the number by n.
To every of marked points p we assign the monodromy around a loop beginning at x, which can be identified with an element r(p) of Z/nZ. If p corresponds to the orbit of length j, we have (r(p), n) = j, so we can enumerate points p i in such a way that (r(p i ), n) = l i . Also we have p r p = 0( mod n), since the composition of monodromies around ramification points is trivial.
Consider the set of monodromies a 1 , . . . , a 2h around the basis cycles in H 1 (C 1 ). The set of residues a 1 , . . . , a 2h , r 1 , . . . , r s defines the topology of the ramified covering completely, but we should take into account that the covering C should be a connected curve. The connectedness of the covering is equivalent to the condition g. c.d(a 1 , . . . , a 2h ; r 1 , . . . , r s ; n) = 1.
Therefore for fixed r 1 , . . . , r s we must count the number of (2h)-tuples in (Z/nZ) 2h whose greatest common divisor is coprime to (l 1 , . . . , l s ). This number is equal to n 2h p|(l 1 ,...,ls)
(1 − p 2h ).
Theorem 3 The generating function for the S n -equivariant Euler characteristics of M g,n has a form
where p j are Newton symmetric polynomials,
and the coefficients c k 1 ,...,kn are defined in the following way. Let
and l 1 , . . . l s are defined by (10) . Then
(12) where
is the orbifold Euler characteristic of M h,s (B 2g are Bernoulli numbers), and N(n; l 1 , . . . , l s ) is the number of solutions of the equation
Proof. By the equation (5) we have
Now consider the moduli space M g (k 1 , . . . , k n ) of pairs (C, τ ). To such a pair we can associate a ramified covering over a quotient curve C 1 = C/τ , which is defined by:
• A curve C 1 and s marked points on it. The corresponding orbifold Euler characteristic is equal to χ orb (M h,s ).
• Subdivision of marked points into groups of size k 1 , . . . , k n−1 . This can be done in k 1 !k 2 ! . . . k n−1 ! ways so we have the factor
• Number of coverings with fixed marked points: by Lemma 6 the corresponding orbifold Euler characteristic equals to 1 n n 2h p|(l 1 ,...,ls)
(1 − p 2h ) · N(n; l 1 , . . . , l s ).
This completes the proof.
Appendix: genus 2 curves
The generating function for the S n -equivariant Euler characteristics of the moduli spaces of genus 2 curves with marked points has a form ( [11] ):
Let us compare the coefficients with the theorem 3. 1)(1 + p 1 t) −2 . We have h = 2, s = 0, n = 1, so the coefficient equals to
Remark that for general g we'll have analogous "identity" summand
. We have h = 0, s = k 1 = 6, n = 2. Therefore the coefficient equals to
Remark that for general g we'll have a "hyperelliptic" summand
We used the equation
. We have h = 0, s = 3, n = 10. The coefficient equals to
We used the equation N(10; 1, 2, 5) = 4, since there are 4 triples (1, 4, 5), (3, 2, 5), (7, 8, 5) , (9, 6, 5) with the desired property (r 1 , 10) = 1, (r 2 , 10) = 2, (r 3 , 10) = 5, r 1 + r 2 + r 3 ≡ 0( mod 10).
. We have h = 0, s = 3, n = 6, the coefficient equals to Here we can use the formula (9) : N(3; 1, 1, 1, 1) = . We have h = 0, s = 4, n = 6, the coefficient equals to . We have h = 0, s = 4, n = 4, the coefficient equals to 
